We show that parallel transport of a vector field around an equatorial orbit in Kerr spacetime produces a shift in the timelike component due to the rotation of the source. This shift is the holonomic manifestation of the gravitomagnetic clock effect.
Introduction
Recently Rothman et al. [1] investigated holonomy in Schwarzschild spacetime and found some interesting effects, including an apparent band structure of holonomy invariance. In the light of this, a natural question is how the holonomy is modified by rotation. Furthermore, rotation introduces a gravitomagnetic clock effect [2, 3] , whereby co-and counter-rotating orbital periods differ, and one expects that the modified holonomy should reflect the existence of this clock effect. We have therefore considered the holonomy around a closed path in the equatorial plane in Kerr spacetime. Unlike the Schwarzschild case, there is a shift in the timelike component of the transported vector, which is the holonomic signature of the gravitomagnetic clock effect.
Kerr holonomy
In Boyer-Lindquist coordinates, the Kerr metric is [2] (
where
x µ = (x 0 , x i ) = (t, r, θ, ϕ), with 0 < θ < π and 0 ≤ ϕ < 2π. The inverse metric in the equatorial plane, θ = π/2, is given by
Units are chosen so that G = c = 1; the mass is M and a = J/M is the specific angular momentum of the Kerr source. Now consider parallel transport around a circular orbit (r and t constant) in the equatorial plane to define a vector field u µ (ϕ). The field satisfies
on the orbit. Since Γ 2 3ν = 0 in the equatorial plane, we have
so that we can consistently set u 2 = 0. For the remaining components:
The first important conclusion following from these equations is that in the Schwarzschild spacetime, du 0 /dϕ = 0. Thus, there is no holonomy effect on the timelike component in the absence of rotation. This is consistent with the absence of a gravitomagnetic clock effect in the Schwarzschild spacetime.
In the general case with a = 0, the system in equations (6)- (8) gives a third-order equation for u 0 :
The equation F (r) = 0 has only one positive root, r * , by Descartes' rule of signs. The root appears to have no obvious significance. To investigate it we write the equation in the forms
It follows that F (r) does not vanish on the horizons r = r ± (with r + > r − ) at ∆ = 0 for a 2 < M 2 , and that r * > 2M in general. Specifically
Thus r * lies beyond the ergosphere, and beyond the horizon in each case except the last, where there is no horizon. In the limit of vanishing a/M , however, r * approaches the Schwarzschild horizon, since, for a 2 /M 2 ≪ 1,
It is useful to divide the solution of Eq. (9) into three parts.
(a) For r > r * , i.e., F (r) > 0, the general solution is
where A, B, C are constants determined by initial conditions and
The shift δu µ after n closed loops of parallel transport is
Just as in the Schwarzschild geometry [1] , there exists a band structure of holonomy invariance in the Kerr geometry for r > r * . The condition for holonomy invariance in this case is
where m is a positive integer. For r > r * , Eq. (23) implies that m 2 < n 2 , just as in the Schwarzschild case. It follows from Descartes' rule of signs that Eq. (23) has only one positive root r * for m 2 < n 2 . Furthermore, since F is positive and monotonically increasing for r > r * , this root is such that r * > r * . For fixed m, there is a minimum n that results in holonomy invariance; in particular, no such invariance exists for finite r if m = n. For instance, the holonomy around a constant-time circle of radius r * = 3M vanishes for n = 9 and m = 5 if the Kerr black hole has a 2 /M 2 = 2 7 . Another example of holonomy invariance for this circle is provided by n = 9, m = 4 and a 2 /M 2 = 11 7 . We note that as a 2 /M 2 → 0, the band structure of holonomy invariance reduces to that of Schwarzschild geometry studied in [1] ; in fact, for a 2 /M 2 ≪ 1 and fixed integers n and m, the solution of Eq. (23) is given by
where ǫ is given in Eq. (15).
(b) For r = r * , i.e., F (r) = 0, the solution of Eq. (9) is simply
whereÃ,B andC are constants. The shift in u µ after n closed loops is
